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Topics for Today

■ O, Ω, Θ-notation
■ Merge Sort
■ Quicksort
■ Heap Sort
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O(n2) — Selection/Insertion Sort
O(n log2 n) — Merge/Heap/Quicksort
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O, Ω, Θ-Notation

Asymptotic Notation

Upper bound (O-notation):

O(f ) =
{

g : N 7→ N
∣∣ ∃n0, c > 0 : ∀n ≥ n0 : g(n) ≤ c · f (n)

}
Lower bound (Ω-notation):

Ω(f ) =
{

g : N 7→ N
∣∣ ∃n0, c > 0 : ∀n ≥ n0 : g(n) ≥ c · f (n)

}
Tight bound (Θ-notation):

Θ(f ) = O(f ) ∩ Ω(f )
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g(n) = n2 + 10n ∈ Θ(n2)
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Exercise 1 – Ω and Θ-Notation
Prove the following claims:
(1) T1(n) = 3n + 9n /∈ Ω(4n)
(2) T2(n) = n3+11n ∈ Θ(n3)

Asymptotic Notation

O(f ) =
{

g : N 7→ N
∣∣ ∃n0, c > 0 : ∀n ≥ n0 : g(n) ≤ c · f (n)

}
Ω(f ) =

{
g : N 7→ N

∣∣ ∃n0, c > 0 : ∀n ≥ n0 : g(n) ≥ c · f (n)
}

Θ(f ) = O(f ) ∩ Ω(f )

Reminder
■ g /∈ Ω(f ) ⇐⇒ ∀n0, c > 0 : ∃n ≥ n0 : g(n) < c · f (n)
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Exercise 1 – Solution
(1) Claim: T1(n) = 3n + 9n /∈ Ω(4n)

Show ∀n0, c > 0 : ∃n ≥ n0 : T1(n) < c · 4n:

3n + 9n < c · 4n

⇔
(3

4

)n
+ 9n

4n < c

Both
(3

4

)n→ 0 and 9n
4n → 0 as n → ∞.

Thus, for any c > 0 and n0, we can always find n ≥ n0 satisfying
(3

4

)n
+ 9n

4n < c. □
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Exercise 1 – Solution
(2) Claim: T2(n) = n3 + 11n ∈ Θ(n3)

T2 ∈ O(n3): Choose c = 12, n0 = 1:

n3 + 11n ≤ 12n3 ∀n ≥ 1

since 11n ≤ 11n3 for all n ≥ 1.

T2 ∈ Ω(n3): Choose c = 1, n0 = 1:

n3 + 11n ≥ n3 ∀n ≥ 1

since 11n ≥ 0.
Since, T2 ∈ O(n3) and T2 ∈ Ω(n3), we have T2(n) ∈ Θ(n3). □
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Merge Sort – Divide and Conquer

(1) Divide:
Split A[p . . . r ] at midpoint
q = ⌊(p + r) / 2⌋

(2) Conquer:
Recursively sort each half

(3) Combine:
Merge two sorted halves
in O(n)

[5,3,8,1]
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Merge Sort – Divide and Conquer

(1) Divide:
Split A[p . . . r ] at midpoint
q = ⌊(p + r) / 2⌋

(2) Conquer:
Recursively sort each half

(3) Combine:
Merge two sorted halves
in O(n)

[5,3,8,1]

[5,3] [8,1]

[5] [3] [8] [1]

[3,5] [1,8]

[1,3,5,8]
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Exercise 2 – Merge Sort
Sort the given sequence using Merge Sort (ascending).
Show the full recursion tree (split and merge phases).

5
1

3
2

8
3

1
4

6
5

2
6

A:
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Exercise 2 – Solution
Split phase:

[5,3,8,1,6,2]

[5,3,8] [1,6,2]

[5,3] [8] [1,6] [2]

[5] [3] [1] [6]

Merge phase:
[5] [3] [8] [1] [6] [2]

[3,5] [1,6]

[3,5,8] [1,2,6]

[1,2,3,5,6,8]
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Merge Sort – Runtime Analysis
Recurrence relation for T (n):

T (n) = 2T (n / 2)︸ ︷︷ ︸
recursive calls

+ n︸︷︷︸
merge step

Iterative expansion (assume n = 2k ):

T (n) = 2T (n / 2) + n
= 4T (n / 4) + 2n
= 8T (n / 8) + 3n
...

= 2kT (1) + k · n
= n · T (1) + n · log2 n
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Merge Sort – Runtime Analysis
Recurrence relation for T (n):

T (n) = 2T (n / 2)︸ ︷︷ ︸
recursive calls

+ n︸︷︷︸
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Iterative expansion (assume n = 2k ):

T (n) = 2T (n / 2) + n
= 4T (n / 4) + 2n
= 8T (n / 8) + 3n
...

= 2kT (1) + k · n
= n · T (1) + n · log2 n

⇒ T (n) ∈ O(n · log2 n)
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Exercise 3 – Quicksort
Sort the following sequence using Quicksort as introduced in the lecture.

For each call to partition(A, i, j), state the pivot element, the resulting
sub-sequences, and the index p.

43
1

13
2

8
3

34
4

12
5

87
6

6
7

9
8

A:

� �
1 function quicksort(A, i, j)
2 if i < j
3 p = partition(A, i, j)
4 quicksort(A, i, p-1)
5 quicksort(A, p+1, j)
6 end
7 end� �

� �
1 function partition(A, i, j)
2 x = A[j]
3 b = i - 1
4 for k = i:j
5 temp = A[k]
6 A[k] = A[b+1]
7 A[b+1] = temp
8 if A[b+1] <= x
9 b = b + 1

10 end
11 end
12 return b
13 end� �
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Exercise 3 – Solution
pivot = A[8] = 9

8 6 9 43 34 12 87 13

p = 3

↪→ left [8, 6]: pivot = A[2] = 6
6 8

p = 1
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Exercise 3 – Solution
pivot = A[8] = 9

8 6 9 43 34 12 87 13

p = 3

↪→ left [8, 6]: pivot = A[2] = 6
6 8

p = 1

↪→ right [43, 34, 12, 87, 13]: pivot = A[8] = 13
12 13 34 43 87

p = 5
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Exercise 3 – Solution
pivot = A[8] = 9

8 6 9 43 34 12 87 13

p = 3

↪→ left [8, 6]: pivot = A[2] = 6
6 8

p = 1

↪→ right [43, 34, 12, 87, 13]: pivot = A[8] = 13
12 13 34 43 87

p = 5

↪→ right [34, 43, 87]: pivot = A[8] = 87
34 43 87

p = 8

↪→ left [34, 43]: pivot = A[7] = 43
34 43

p = 7
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Exercise 3 – Solution
pivot = A[8] = 9

8 6 9 43 34 12 87 13

p = 3

↪→ left [8, 6]: pivot = A[2] = 6
6 8

p = 1

↪→ right [43, 34, 12, 87, 13]: pivot = A[8] = 13
12 13 34 43 87

p = 5

↪→ right [34, 43, 87]: pivot = A[8] = 87
34 43 87

p = 8

↪→ left [34, 43]: pivot = A[7] = 43
34 43

p = 7
Result:

6 8 9 12 13 34 43 87
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Heap Sort – Binary Tree as Array
A binary tree stored in array A[1..n]:

Tree concept Array index

root 1
left_child(v) 2v
right_child(v) 2v + 1
parent(v) ⌊v / 2⌋
lastnode n (initially)
is_leaf(v) 2v > n / 2

27

24 22

19 16 20 18

1

2 3

4 5 6 7

27

1

24

2

22

3

19

4

16

5

20

6

18

7

A:

Max-Heap Property

For every node v : A[v ] ≥ A[left_child(v)] and A[v ] ≥ A[right_child(v)]
⇒ The largest element is always at the root.
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Exercise 4 – Heap Sort
Sort the following sequence using Heap Sort as introduced in the lecture.

43
1

13
2

87
3

8
4

34
5

12
6

6
7

9
8

A:

� �
1 function make_heap(A, n)
2 p = parent(n)
3 root = 1
4 for v = p:-1:root
5 heapify(A, v, n)
6 end
7 end� �

� �
1 function heapify(A, k, lastnode)
2 if !is_leaf(A, k, lastnode)
3 left = left_child(k)
4 right = right_child(k)
5 maxc = left
6 if exists(A, right , lastnode) && A[right]

> A[left]
7 maxc = right
8 end
9 if A[maxc] > A[k]

10 temp = A[maxc]
11 A[maxc] = A[k]
12 A[k] = temp
13 heapify(A, maxc , lastnode)
14 end
15 end
16 end� �
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Exercise 4 – Solution: Building the Max-Heap

Initial tree:
43

13 87

8 34 12 6

9
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Exercise 4 – Solution: Building the Max-Heap

Initial tree:
43

13 87

8 34 12 6

9

heapify(8): swap 8 ↔ 9:
43

13 87

9 34 12 6

8
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Exercise 4 – Solution: Building the Max-Heap

Initial tree:
43

13 87

8 34 12 6

9

heapify(8): swap 8 ↔ 9:
43

13 87

9 34 12 6

8

heapify(87): no swap:
43

13 87

9 34 12 6

8
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Exercise 4 – Solution: Building the Max-Heap

Initial tree:
43

13 87

8 34 12 6

9

heapify(8): swap 8 ↔ 9:
43

13 87

9 34 12 6

8

heapify(87): no swap:
43

13 87

9 34 12 6

8

heapify(13): swap 13 ↔ 34:
43

34 87

9 13 12 6

8
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Exercise 4 – Solution: Building the Max-Heap

Initial tree:
43

13 87

8 34 12 6

9

heapify(8): swap 8 ↔ 9:
43

13 87

9 34 12 6

8

heapify(87): no swap:
43

13 87

9 34 12 6

8

heapify(13): swap 13 ↔ 34:
43

34 87

9 13 12 6

8

heapify(43): swap 43 ↔ 87:
87

34 43

9 13 12 6

8

⇒ Max-Heap
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Exercise 4 – Solution: Sorting (1/2)

8 sifted down:
43

34 12

9 13 8 6

Sorted: 87
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Exercise 4 – Solution: Sorting (1/2)
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43

34 12

9 13 8 6

Sorted: 87

6 sifted down:
34

13 12

9 6 8

Sorted: 43 87
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8 sifted down:
43
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9 13 8 6

Sorted: 87
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34
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9 6 8
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Exercise 4 – Solution: Sorting (1/2)

8 sifted down:
43

34 12

9 13 8 6

Sorted: 87

6 sifted down:
34

13 12

9 6 8

Sorted: 43 87

8 sifted down:
13

9 12

8 6

Sorted: 34 43 87

6 sifted down:
12

9 6

8

Sorted: 13 34 43 87
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Exercise 4 – Solution: Sorting (2/2)

8 sifted down:
9

8 6

Sorted: 12 13 34 43 87
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Exercise 4 – Solution: Sorting (2/2)

8 sifted down:
9

8 6

Sorted: 12 13 34 43 87

6 sifted down:
8

6

Sorted: 9 12 13 34 43 87
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Exercise 4 – Solution: Sorting (2/2)

8 sifted down:
9

8 6

Sorted: 12 13 34 43 87

6 sifted down:
8

6

Sorted: 9 12 13 34 43 87

root = lastnode
6

Sorted: 8 9 12 13 34 43 87

Final result:
6 8 9 12 13 34 43 87
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